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ABSTRACT

In a recent paper Mohan et al. presented a reanalysis of climatic data using concepts from the theory of
dynamical systems. The data is the oxygen isotope ratio '*Q/'%0 record of the V28-238 deep sea core covering
a period of a million years at a sampling time of 2 Kiloyears. This dataset was first analysed by Nicolis and
Nicolis who reported that the dynamics of the records may be explained by a low-dimensional dynamical
system. We take this opportunity to bring to the attention of the scientific community some major problems
involved with the reanalysis of the data hoping that this comment will serve as a reference for other analyses

of different datasets in the future.

1. Introduction

According to the theory of dynamical systems, the
best way to study the dynamics of a system is via the
state space. The state space is a coordinate system
whose coordinates are the variables that describe the
system. At each time step the state of the system can
be represented by a point in the state space. By con-
necting these points a trajectory that describes the evo-
lution of the system is defined. This trajectory con-
verges on the attractors, which describe the asymptotic
final state of the system. The attractors may be simple
topological structures such as a point, a limit cycle, or
a torus; or they can be nontopological submanifolds
characterized by fractal geometry (see for example
Tsonis and Elsner 1989).

If the mathematical description of a dynamical sys-
tem is given, the number of variables is known and the
generation of the state space and of the attractor is
straightforward.

If the mathematical formulation of a system is not
available, the state space can be replaced by the phase
space. The phase space may be produced using a single
record of some observable variable x(¢) from that sys-
tem (Packard et al. 1980; Reulle 1981; Takens 1981),
using x(2) and its successive shifts as the coordinates.
Thus, given an observable x(t), one can generate the
complete state vector X (¢) by using x(¢ + 7) as the
first coordinate, x(z + 27) as the second coordinate,
and x(t + n7) as the last coordinate. Here 7 is a suitable
delay parameter. This way we can define the coordi-
nates of the phase space, which should approximate
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the dynamics of the system from which the observable
x(t) was sampled (or in other words the unknown state
space). The parameter n is often referred to as the
embedding dimension. For an n-dimensional phase
space, a “cloud” or a set of points will be generated.
The Hausdorfl-Besicovitch dimension of this set can
be estimated by covering the set by n-dimensional
cubes of side length / and determining the number of
cubes N(/) needed to cover the set in the limit as / goes
to zero (Mandelbrot 1983). This is the box-counting
algorithm and if this number scales as

N(Dal™
1-0 (1)

then the scaling exponent 4 is an estimation of the
Hausdorff-Besicovitch dimension for that n. In a
logN(!) vs. log/ plot, the exponent d can be estimated
by the slope of a straight line (the scaling region ). Using
the state vector X (¢) we can test Eq. (1) for increasing
values of n. If the original time series is random, then
d = n for any n (a random process embedded in a n-
dimensional space always fills that space). If, however,
the value of d becomes independent of n (that is,
reaches a saturation value D;), it means that the system
represented by the time series has some structure and
should possess an attractor whose Hausdorff-Besico-
vitch dimension is equal to Dy. The above procedure
for estimating D, is a consequence of the fact that the
actual number of variables present in the evolution of
the system is not known and thus we do not know a
priori what 7 should be. We must, therefore, vary n
until we “tune” to a structure that becomes invariant
in higher embedding dimensions (an indication that
extra variables are not needed to explain the dynamics
of the system in question).

The above numerical approach to estimate the di-






